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1 definition
$p$ .






$Li_{k_{1},\ldots,k_{n}}(z)$ $:= \sum_{m_{1}>\cdots>m_{n}>0}\frac{z^{m_{1}}}{m_{1}^{k_{1}}\cdots m_{n^{n}}^{k}}$
$\mathbb{C}_{p}$ ( $k:=k_{1}+\cdots+k_{n}$ , $n$ ) $p$ , pMPL
. $|z|_{p}<1$ .
$z=1$ , $\mathbb{P}^{1}(\mathbb{C}_{p})-\{1, \infty\}$
. Coleman $P$ .
pMPL $pMPL$ . , $P$
, $\mathbb{P}^{1}(\mathbb{C}_{p})-\{1, \infty\}$ Coleman
.
$k_{1},$ $\ldots k_{n}\in N,$ $a\in \mathbb{C}_{p}$ ,
$Li_{k_{1},\ldots,k_{n}}^{a}(z)= \{\int_{z^{-1,k_{2}.’.\cdot.\cdot.,k_{n}}}^{z}(t)dt\int_{0}\frac{\frac Li_{k_{1}}^{a}1t1}{1-t}Li_{k_{2},,k_{n}}^{a}(t)dt$ $(k_{1}=1)(k_{1}>1),$
.
$Li_{1}^{a}(z)=- \log^{a}(1-z)(=\int_{0}^{z}\frac{dt}{1-t})$ .
$\log^{a}$ $p$ , a $(\log^{a}(p)=a)$ . $P$
$\log^{a}$ . ,
$|z|_{p}<1$ , $z$ .
Coleman $P$ .
, pMPL $\lim_{zarrow 1}’$ ( ) $P$
, pMZV . , pMPL .
$\zeta_{p}(k_{1}, \ldots k_{n})$ $:= \lim_{zarrow 1}\prime Li_{k_{1},\ldots,k_{\hslash}}^{a}(z)$
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, $\mathbb{C}_{p}$ $f(z)$ , $lim1_{\text{ }1}f$ ( , 2
{Zn} l , $\lim_{n\ovalbox{\tt\small REJECT}\infty}f(z_{\text{ }})$
.
(i) $z_{n}$ in $\mathbb{C}_{p}$ ,
(ii) $e(\mathbb{Q}_{p}(z_{1}, z_{2,-})/\mathbb{Q}_{p})<\infty$ (i.e. ).
$\lim 2_{\text{ }1}$ ,..., . (2) , $a$
, 1 $>1$ , 1 $=1$ , ,
$pMZV$ $\mathbb{Q}_{p}$ .
2 known results and main results




(1) [$C$ , 1 $pMZV$ -Leopoldt $p$ $L$
.
$\zeta(k)=_{p}k_{\overline{1}}L_{p}(k\text{ ^{}\ovalbox{\tt\small REJECT} k})$ ( )
Teichm ler , $\zeta_{p}$ (2 ) $=0$ , ( +1) $0(p|(k-1)$
$p$ ) Sou16 [S] .
(2) $\zeta(2$ $=0$ , harmonic product formula ,
$\zeta(2k, -2k)=0$
.
$P\ovalbox{\tt\small REJECT} oof$ 2 , harmonic product
formula
$\zeta_{p}(2k)^{2}=2\zeta p(2k, 2k)+\zeta p(4k)$ .
, (2 , 2 )=0 .
$n-1$ $n$ . harmonic
product fbrmula
170
$\zeta_{p}(2kn-2k)\zeta_{p}(2k)=\zeta_{p}(2kn-2k, 2k)+\zeta_{p}(2k, 2kn-2k)+\zeta_{p}(2kn)$ .




(3) (2) , shuffle product formula ,




, $2n+1$ . shuffle $(:=$











, 2 $:=\mathbb{Q}@,$ $y>$ shuffle $(\ovalbox{\tt\small REJECT}\coprod)$ , 1 $:=$
$\mathbb{Q}+$ harmonic $(*)$ evaluation map .
$\ovalbox{\tt\small REJECT}$ : $\ovalbox{\tt\small REJECT}$ .
(i) $\mathbb{Q}$-
(ii) $w\in$ , $wm1=1\ovalbox{\tt\small REJECT} w=w$ ,
(iii) $u_{F^{X}}$ $=1,2$) words $w_{1},$ $w_{2}\in$
$(u$ $w_{1})$ $(u_{2}w_{2})=u_{1}(w_{1}mu_{2}w_{2})+u_{2}(u_{1}w_{1}mw_{2})$ .
$\ovalbox{\tt\small REJECT}$ . m .
$*$ : 1 $\mathfrak{H}^{1}arrow \mathfrak{H}^{1}$ .
(i) $\mathbb{Q}$-
(ii) $w\in$ 1 , $w*1=1*w=w$,
(iii) $p,$ $q\in N$ words $w_{1},$ $w_{2}\in$ 1
$z_{P}w_{1}*z_{q}w_{2}=z_{P}(w_{1}*z_{q}w_{2})+z_{q}(z_{p}w_{1}*w_{2})+z_{p+q}(w_{\text{ }}*w_{2})$
1 $*$ . .
$0$ :=Q+ $x$H ( 1 $\mathfrak{H}$ ) , 1 $\mathfrak{H}^{-}$ $\ovalbox{\tt\small REJECT}$ , $\mathfrak{H}^{-}$
, ,
o word $pMZV$ evaluate $\mathbb{Q}$- : o $\ovalbox{\tt\small REJECT}$ Qp
$Z(x^{a_{1}}y^{6_{1_{\text{ }}}} x^{a_{\text{ }}}y^{\text{ _{ }}})=\zeta(a_{1}+1,\vee^{\text{ }}6_{1}-1$
( $a_{\ovalbox{\tt\small REJECT}}$ , ‘ $1$ ) . 2 shuffle relation $m$ $*$
$\mathbb{Q}$- .
Theorem 2.1. $([BF|,$ $[FD$
(1) $shum_{e}$ product fbrmula $w,$ $w\in$ o ,
$Z(wmw)=Zp(w)Z(w)$




(3) double shuffle relation $w,$ $w’\in \mathfrak{H}^{0}$ ,
$Z_{p}(w\coprod 1w’-w*w’)=0$ .
Main Theorem 2.2. duality $w\in \mathfrak{H}^{0}$ ,
$Z_{p}(w)=Z_{p}(\tau(w))$ .
, $\tau$ : $\mathfrak{H}^{0}arrow \mathfrak{H}^{0}$ $xrightarrow y,$ $y\mapsto x$ .
(1) shuffle product formula , $P$ Drinfel’d associator 2-cycle
relation pMZV duality equivalent .
, formal associator 2-cycle relation (\S ^\S 3 ) .
.
Proof. $p$ ms Drinfel’d associator (7) 2-cycle relation
$\Phi_{KZ}^{p}(X, -Y)=\Phi_{KZ}^{p-1}(-Y, X)$
, formal associator evaluate ,
$Z_{p}(\hat{\Phi}(X, Y))=Z_{p}(\hat{\Phi}^{-1}(-Y, -X))$
. formal associator 2-cycle relation
$\hat{\Phi}^{-1}(-Y, -X)=\tau(\hat{\Phi}(X, Y))$
pMZV duality . equivalent
.
, . $P$ KZ
$\frac{\partial G}{\partial u}=(\frac{X}{u}+\frac{Y}{u-1})G(u)$
$P$ KZ . $G_{0}(u),$ $G_{1}(u)$ ,
$\lim_{\epsilonarrow 0}G_{0}(\epsilon)\cdot\epsilon^{-X}=1,$ $\lim_{\epsilonarrow 0}G_{1}(1-\epsilon)\cdot\epsilon^{-Y}=1$
. , $P$ KZ
$\frac{\partial H}{\partial u}=H(u)(\frac{X}{u}+\frac{Y}{u-1})$
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, $H_{0}(u, H_{1}(u)$ ,






. $x^{k_{1^{\ovalbox{\tt\small REJECT}}}1}y_{\ovalbox{\tt\small REJECT}}X^{k_{\text{ }}-1}Y$ ( $>1$ )
$pMZV$ duality .





$:=\text{ _{}+k_{n}=k}\mathbb{Q}$$\zeta(k_{1,\text{ }}\text{ _{}1+\ovalbox{\tt\small REJECT}}..$ ’
. , , {d } l $d_{0}=1,$ $d_{1}=$
$0,$ $d_{2}=1$ , $=$ -2+ _3 ( $3$ ) ,
$\dim_{Q}Zkd_{k3}$
. $\dim_{Q}$ $d_{k-3}$ . (
)
3 associator
, $Le\ovalbox{\tt\small REJECT} Murakami[LM\ovalbox{\tt\small REJECT}$ , [$F\ovalbox{\tt\small REJECT}$ $p$
Drinfbl $d$ associator .
1 $P$ KZ $-1$ .
.
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$\mathbb{C}_{p}$- $g_{1}$ : $\mathbb{C}_{p}\langle\langle X, Y\rangle\ranglearrow \mathbb{C}_{p}[[\xi, \eta]]\langle\langle X, Y\rangle\rangle$ , $X\mapsto X-\xi,$ $Yrightarrow$
$Y-\eta$ , $\mathbb{C}_{p}$- $g_{2}$ : $\mathbb{C}_{p}[[\xi, \eta]]\langle\langle X, Y\rangle\ranglearrow \mathbb{C}_{p}\langle\langle X, Y\rangle\rangle$ , $\eta^{p}M\xi^{q}rightarrow$




$\sum$ $(-1)^{n}\zeta_{p}(k_{1}, \ldots k_{n})X^{k_{1}-1}Y\cdots X^{k_{n}-1}Y$
$n=1$ $k_{1}>2$
$k_{2},\ldots X_{n}\geq 1$
. ’(X, $Y$) $g_{1}$ $g_{2}$ $P$ Drinfel’d associator
$\Phi_{KZ}^{p}(X, Y)$ .
$\Phi_{KZ}^{p}(X,Y)=g_{2}\circ g_{1}(\varphi^{p}(X, Y))$
, formal associator $\hat{\Phi}(X, Y)$ ,
$\hat{\Phi}(X, Y):=\exp_{III}(-yY)\cdot$
$\sum_{w\in\{x,y\},W=Cap(w)}wW\cdot\exp_{I\coprod}(-xX)$
nJ \langle \langle X, $Y\rangle\rangle$ . , $\{x, y\}^{*}$ $x$ $y$ word ,
Cap $(w)$ $w$ , $\exp_{III}(-yY)$ ,
$\exp_{lII}(-yY)$ $:= \sum_{n=0}^{\infty}(-1)^{n}y^{\infty_{n}}\frac{Y^{n}}{n!}$
. ( $y^{m_{n}}$ $y$ $n$ $rn$ ) $\hat{\Phi}(X, Y)$ $\mathfrak{H}_{III}^{0}\langle\langle X, Y\rangle\rangle$
.
Drinfel’d associator formal associator $\hat{\Phi}(X, Y)$ evaluate
[IKZ] ( ) . $P$ .
$\Phi_{KZ}^{p}(X, Y)=Z_{p}(\hat{\Phi}(X, -Y))$ .
[T] $\hat{\Phi}^{-1}(X, Y)$ ,
$\hat{\Phi}^{-1}(X, Y)$ $:=\exp_{\bm{m}}(xX)\cdot$
$\sum_{w\in\{x,y\}^{*},W=Cap(w)}S(w)W\cdot\exp_{\iota u}(yY)$
. , $S$ : $\mathfrak{H}arrow \mathfrak{H}$ $x\mapsto-x,$ $yrightarrow-y$
. ,
$\hat{\Phi}(X, Y)\cdot\tau(\hat{\Phi}(-Y, -X))=1$
. ( $\tau$ ) formal
2-cycle relation .
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